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Abstract. We report a theoretical study of second-harmonic generation (SHG) from the collagen
fibrils which have a tilt angle @ between their axes with the plane of the polarization angle a of the
linearly polarized focused light. The effects of @ as well as a on SHG emission have been investigated.
Our results show that the total strength of SHG electrical field (E,,) and power (P,,) reach their
maximal values as @ locates at a certain angle, here it is around 27° under all demonstrated a. When
® < 27°, By, and Py, gradually increase to their maximal value, while when ® > 27°, they quickly
drops. Specially, E,, and P, are almost undetectable when @ > 45°. Also, ® influences the distribu-
tion pattern of E;, P, and their parallel (E;, p, P2 p) and perpendicular (E g, P2,s) components,
such as the number of emission lobes and shape. a has unevenly impact on E, and P,,, the far
deviation of o from x axis induce much great decrease of E,, and P,,. a = 45° has special influence
on the distribution pattern of Ey, s, Ex» P2,s as well as Py, compared to those of o = 0° and 90°.
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Introduction

The process of second-harmonic generation (SHG), which
occurs by the scattering of photons in the material with the
non-centrosymmetric structural feature, thus unlike the
absorption process as the fluorescence generation, there is
no energy loss in SHG during its excitation to emission. Also,
SHG is the intrinsic signal; no additional fluorescent staining
is required. SHG thus has unique advantages such as no pho-
tobleaching, no photoxicity caused in the specimen (Brown
et al. 2003; Zipfel et al. 2003; Helmchen et al. 2006).
Taking this well-known optical effect, microscopic SHG
imaging has been exploited to be a powerful tool for visu-
alization of biological systems. Fibrillous collagen type I,
one of the strongest SHG producers of biological specimen,
has been widely investigated for imaging in biological tis-
sue experimentally and theoretically (Williams et al. 2005;
Plotnikov et al. 2006; Yew et al. 2007). Fibrillous collagen
type I, as its polymerization or degradation evolves in par-
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allel with the evolution of the cancerous lesions, has been
experimentally investigated through microscopic SHG im-
aging for cancer diagnosis by identifying its content, spatial
distribution and fiber organization (Hompland et al. 2008;
Lamonier et al. 2010). Also, as SHG originates from the laser-
induced second-order polarization, this signal is sensitive to
the incoming excitation polarization and to the SHG active
structures’ architectures. Taking advantage of the effects
of excitation polarization on tissue SHG, the architecture
of their contributors, such as collagen, myosin as well as
microtubule can be characterized. The estimated effective
angles 0., which is corresponding to the most probable
orientation of the active molecules, in neurons, in collagen
(correlated to the helical pitch angle of one polypeptide chain
of the collagen triple-helix) and in myosin (correlated to
the a-helix of the myosin’s coiled coil) have been measured
(Tiaho et al. 2007; Kwan et al. 2008; Psilodimitrakopoulos
et al. 2009, 2010). Meanwhile, a series of theories dealing
with SHG excited by linearly polarized focused beam from
collagen fibrils have been explored (Stoller et al. 2002; Stoller
et al. 2003; Yan et al. 2007). However, so far, the theoretical
studies with regard to SHG from collagen fibrils have an as-
sumption that the collagen fibrils locate in the same plane
of the polarization direction of incident light (Yew and
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Figure 1. Schematic diagram defining SHG emission from colla-
gen fibrils under linearly polarized focused beam. Collagen fibrils
are assumed in x-z plane with the axis of x. It deviates from the
x axis with angle @ (tilt angle). The light is linearly polarized in x-
y plane (E,) with the angle of a from x direction and propagates
in the z direction. SHG propagates in the emission plane, defined
by (6,9).

Sheppard 2006; Chang and Deng 2010). A more complex
but an actual situation that may exist is not further consid-
ered, for instance, the tilt-placed collagen fibrils which have
a tilt angle of their axes from the plane perpendicular to the
wave propagation direction. The in-depth study on such
subject will be helpful for identifying the three-dimensional
orientation of molecules in collagen fibrils, which will have
potential interest in cancer and various diseases caused by
modifications on the tissue/cellular structure. Therefore, in
this paper, a theoretical model to deal with the tilt-placed
collagen fibrils under a linearly polarized focused beam is
to be established and the effects of the tilt-placed angle ® on
SHG radiation are to be investigated.

Theory of SHG in tilt-placed fibrils under focused beam

Under the two Cartesian coordinates (the fixed x-y-z and
the transformed x’- y’- z’ coordinate systems) as showed
in Fig. 1, the incident focused beam is assumed to propa-
gate along z axis and has the electric field E, polarized in
x-y plane with polarization angle a from x direction. The
fibrils are hypothetically zero thickness and supposed to be
composed of many infinitesimally small subunits (dipoles)

aligned along x’ axis in the x-z plane with an inclination
angle @ from x axis x’ thus is the symmetrical axis of the
dipoles that conforms to cylindrical symmetry. The emission
direction r of SHG deviates from x’ axis of angle y. The axis
z and the emission direction r form the emission plane of
SHG. The emitted SHG signals are confined within the solid
angle defined by (0,¢). SHG is supposed to be observed from
a fixed distance r (Williams et al. 2005).

For a fibril laying along x axis, under the fixed coordinate
system, the induced electric dipole moment (or polarization)
per unit dipole concentration for SHG by a fundamental
electric field E, is (Moreaux et al. 2000)

%Ei Bixe % (1)
where { is the first hyperpolarizability of dipoles and i (also
j and k) refers to x, y, z respectively. ¢ and ¢y is the unit vec-
tor along the direction of j (x, y and z directions) and k (x,
y and z directions), respectively. Accordingly, under the
transformed coordinate of X’- y’- Z’, it can be expressed as

/'llw,i =

1
Hooi = EZ< ﬁfff'k' > E(u, j'Em., K (2)
JLK

The focused beam can be well approximated by a three-di-
mensional (3-D) Gaussian profile in x-y-z coordinate system
as follows (Bjorkholm 1966; Deng et al. 2006):

2 2 2
XY I Lisk,0)E (3a)
w w;
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E, (x,y,2z) = —iE" exp(-

EY =E,(0,00) (3b)
where E, (x,y; z) is the complex amplitude of the driving field
at the point (x, y; z), € represents its polarization direction, k,, =
2nn/\, is the wave vector in a specimen with refractive index
of n, £ is the wave vector reduction factor due to focusing that
accounts for a reduction in axial momentum by conversion
to lateral momentum components within the focus, wy, and
w, are the 1/e? radii of the focal ellipse in the lateral and axial
directions, respectively (Zipfel et al. 2003).

Based on the assumption of Cylindrical symmetry of fibrils
and rule of Kleinman symmetry (Kleinman 1962; Mazely et
al. 1987; Dailey et al. 2004; Rao et al. 2006; Chang et al. 2009),
we have 7 non-zero but 2 independent elements of 3, which
are ﬁx’x’x’) ﬁx’y’y’ = Bx’z’z’ = By’y’x’ = ﬁz’z’x’ = By’x’y’ = ﬁz’x’z’

In the case for the light linearly polarized in x-y plane
(E), there are three components of electrical field E,, in
x,y,7

E =E,cosa,E,=E,sina,E =0 (4)

Accordingly, three components of E, in the transformed
coordinate system x’-y’-z’can be expressed as
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E.=E cos¢g=E, cosacosg (5a)
E,=E =E,sina (5b)
E.=E_sing=E, cosasing (5¢)

Thus the dipole moments in three directions of X’, y’, z’
contributed by the electrical field E,, components, respec-
tively, are following:

1 .
EE“Z’ (By cOS” acos® g+ B, sin’ a +

+ B.... cos’ asin’ @)

lquo,x' =
(62)

1 .
= EE“Z’ (3,14, COS @ COS Psina +

+ B, COsa cos gsin)
l 2 .
=3 E, (B, sin2acos )

/uZw,y'
(6b)

1 .
= EEZ’ (f.... cosacosgcosasing +

... cosa cosdcosasing)

= %E; (B.... cos’ asin 2¢)

/’12(4),2'

(6¢)

In order to clearly illustrate the contribution of hy-
perpolarizability tensor p to dipole moment components
along x’, y’, Z’directions, we keep three non-zero but two
independent P elements (Byyx; Pxyy = Pxzz) for our fol-
lowing discussion.

A matrix is applied to represent SHG dipole moment as

lu2w,x' 1
ﬁZw(x'7 y” Z’) = /’lZw,y' = EEaz)
ILIZ(U,Z'

2 2 a2
B COS” @ COS ¢+,BX” sin“a+ ... cos”asin” ¢
By sin2acos g =

B....cos> asin2¢
1=
= EEmﬂ (7)

We know that the electric field of SHG E,,, induced by
dipole moment obeys the following formula:

E,,(y)= Fay®
Tl

0

snﬁw)eXp(lka P (®)
r

where y represents the angle between x’ axis and the emis-
sion direction r of SHG, siny = cosOsin® + cospsinBcos®
illustrates the projection relationship between the direction
of emission SHG dipole moment (X} y, Z’) and the excita-
tion electric field E;, of SHG. We definen = w?/megc?, where
g is the free-space permittivity, c is the speed of light, w is
the frequency of fundamental beam.

Therefore, through integration, we get (Chang et al.
2009)

E, (0.9)= (\/§)3Nwaywz Q(cos@ sing +
r

770
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+ cos@sinédcosg) - 1
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= NEL) A(6,) )
N=(\/§)3wfysz,, (10)
EY = (cos9s1n¢+cosg0s1nt9cos¢) i (11)
Hor.
- -
:u;(;)) = luZ(u V' EEQ%(O’O’O)ﬂ = EE{(UO)Zﬂ (12)
Hsor
2
=exp{- [w (sin@cos @ cos @)’ +

+w} (sin@sin @)’ +w? (cosOcosp—E)? ] (13)
where Ny represents the effective volume density of dipoles
(Mertz and Moreaux 2001), and & = &(n/ny,).

Electric field of SHG is normal to the emission direction
r. Thus the radiated SHG with polarization components
parallel (p) and perpendicular (s) to the emission plane
can be derived as follows (p parallel to the emission plane
and perpendicular to r, s perpendicular to the emission
plane):

Egam=[

0)
EO0,¢)=| P2 @1y g0
EY (0,0))

E,, (0, Y
Zw,p( (0) :Q .:ZlZa) (143)
EZa),.y (9’ (p) r

(14b)
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M is the projection matrix, which permutes coordinate
between (x’,y’, Z’) and (6,¢). It is defined by

M(éj 3 (cos Ocospcosg cosfsing —sinfcos ¢j

17 —sing@cos ¢ cos @ 0

(15)

Then, for the amplitude of Ey, in the 8 direction (E;, ) and
the amplitude of E,, in the ¢ direction (E, ), they are

NA(O,
EZm,p(ga ¢’) = '7 ( (0) EIE)O)Z
2r
[cos@cospcosdu,,, . +cosOsingu,,
—sin@cosgu,,, . ] (16a)
A .
EZw,s (95 ¢) = %9,@ EE)O)Z [_ s ¢COS ¢lu2w, x'
r
+eos iy, ] (16b)
The total SHG electric field can be expressed by
1
E,(0.0)=1E, (0,0)+ L, (0,9))" (17)

The power distribution of SHG can be determined by,
P, (0,0)=1/2n, &,cr’E; (0,9) ,as a result,

20

P, (0,0)= %nZ{U‘socnzAzNzE(‘f)4 (cos@sing + cospsin@cosg)’

2

B cOS” cxcos’ ¢+ By sin’ a + B,...cos’ asin’ ¢ (18)

By sin2a cos g
B....cos’ asin2¢

SHG power of parallel and perpendicular components
can be expressed as follows:

P, ,(0,0) = %nmgocnzNzAz(Q, 9)E3,, (19a)
Py (0:9) =<1, o N A (0.0, (19b)
As a result, SHG total power is

Py, (0,0) =Py, ,(0,0) + Py, (0,9) (20)

Results

In Fig. 2, we demonstrate the effects of the tilt angle
® on overall strength of SHG electrical field at several

SHG electric field

3 n?é
o

Figure 2. Effects of tilt angle ® and polarization angle a on total
SHG electric field (E,,).

particular polarization angles a = 0°, 30°, 60°, 90°.The
overall strength of SHG electrical field is based on the
solid angle integration of Eq. (17), in which we normalize
nNEw(O)z/ 2r = 1. Also, p = Byeey/Bryy = Brxx/Pxzz = 2.6
and Pyyy = Py, = 1 are applied for simplicity (Williams
etal. 2005; Odin et al. 2008). We can see from Fig. 2 that as
the polarization angle a changes from 0° to 90° the overall
emission strength of SHG electric field decreases but not
uniformly. The far deviation of the polarization angle
away from the x axis, the same interval of the polarization
angle induces great reduction of the emission strength
of SHG electrical field. Most importantly, we find that
the influence of tilt angle ® on overall strength of SHG
electrical field does not increase or decrease linearly; on
the contrary, the increase of tilt angle @ first causes the
increase and then decrease of the strength of the SHG
electrical field. There is a maximum strength value of
the SHG electrical field, which locates around ® = 27°.
After ® exceeds 45°, the strength of SHG electric field is
almost undetectable.

Fig. 3 shows the distribution of SHG electric field parallel
to the emission plane E,, , along the Cartesian coordinate
axes induced by the dipole moment based on Eq. (16a).
NNE,9%/2r = 1is applied here. The first, second and third
column demonstrates Eowp under the cases of a = 0°, 45°
and 90°, respectively, as the variation of ® = 0° to ® = 45°
with interval of 15°. The gray plane denotes the z = 0 level.
Based on this plane, we can distinguish the field strengths
associated with the backward SHG emission (b-SHG) or
forward SHG emission (f-SHG). We can see that the tilt
angle ® of the fibrils axis has apparent influences on SHG
electric field Ep, p. When @ exceeds 45°, the strength of
SHG electric field is almost undetectable (thus no figures
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Figure 3. Effects of tilt angle ® and polarization angle a on distribution of parallel component of SHG electric field (Ey ) along x-y-z

axes.

are demonstrated here). Two symmetrical emission lobes
of Eyy,p which represent the b-SHG and {-SHG emission
are clearly noticed in Fig. 3. All E;,;, distributes in the
positive x direction. The polarization angle a and tilt angle
® basically affect the strength size, but no the distribution
shape of Ey p-

Fig. 4 shows the distribution of SHG electric field per-
pendicular to the emission plane E,,, ; along the Cartesian
coordinate axes induced by the dipole moment based
on Eq. (16b). Also, the first, second and third column
demonstrates E,,  under the cases of a = 0°, 45° and
90°, respectively, as the variation of ® = 0° to ® = 45°
with interval of 15°. Under the case of Ej, ¢, unlike two

symmetrical f-SHG and b-SHG emission lobes in Ej, p,
the pattern of SHG distribution of E,, s resembles the
hollow circular cone. Furthermore, in E;, ¢, only b-SHG
emission appears (a = 0° and 90°). Two lobes still ap-
pear at the polarization angle of a = 45°, but they are no
longer symmetrical like that in Ep, p, b-SHG emission is
predominant in this case.

Fig. 5 shows the distribution of SHG total electric field
strength E, along the Cartesian coordinate axes based
on Eq. (17) under the cases of a = 0° (the first column),
a = 45°(the second column), a = 90° (the third column),
respectively, as the variation of tilt angle ® = 0 to ® =45°
with interval of 15°. We notice that when ® is relative
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Figure 4. Effects of tilt angle ® and polarization angle a on distribution of perpendicular component of SHG electric field (E;, ;) along

X-y-Z axes.

smaller, such as ® = 0° and ® = 15°, there are two emis-
sion lobes. However, when tilt angle ® becomes bigger,
such as ® = 30° and ® = 45°, two apparently separated
lobes gradually form to one integrated lobe. All the emis-
sion is in positive z direction, and no b-SHG distribution
exists.
By solid angle integration of Eq. (20) and normalizing
N,,€0cn?N2/8 = 1 as well as making an assumption of p =
xx! Bx’y’y’ = Brxx/Prrr =2.6 (ﬁx’y’y’ = Byzy = 1), the total
power of SHG as the variation of the tilt angle ® has been
investigated and be shown in Fig. 6. Simultaneously, the ef-
fect of polarization angels a = 0°, 30°, 60°, 90° on total SHG
emission power is also reflected in Fig. 6. We notice that the
peak SHG emission power always appears at a certain tile

angle @, here it is around ® = 27° in spite of the polarization
angles a. In other words, the excitation polarization angle
a would not affect the tile angle location of fibrils where it
can emit the peak power. However, as the polarization angle
a increases from 0° to 90°, the total emission power of SHG
decrease, but the degree of decrease is not even with the
same interval of increase of polarization angle; the bigger
of the polarization angle, the more decrease of the emission
power. Also, at the range of ® > 45°, there is no detectable
SHG power.

Similarly, the distribution of parallel (P p) and per-
pendicular (P, ) power components as the tile angle
@ and polarization angle a are demonstrated in Fig. 7 and
Fig. 8 respectively based on Eq. (19a) and (19b). Here,
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Figure 5. Effects of tilt angle @ and polarization angle a on distribution of total SHG electric field (E,) along x-y-z axes.

n,,€0cn>N?/8 = 1 is applied. In Fig. 7, we notice that as the
tilt angle @ increases, two apparently detached emission
lobes in Py, , progressively change to more closely touched
one. The perpendicular component P, s of SHG power
shown in Fig. 8 declares hollow circular cone distribution
along all demonstrated tile angles ® at a = 0° and a = 90°.
However, the distribution of P, ¢ at a = 45° has obvious
difference with those at a = 0°, a = 90° and Py, at a =
45° as well. In Py,  at relative lower tile angles ® = 0° and

® = 15°, there is only one {-SHG emission lobe, as the tile
angle increases to ® = 30° and ® = 45°, the one emission
lobe gradually detach.

Accordingly, the distribution of SHG total power P,
along the Cartesian coordinate axes based on Eq. (20)
has been demonstrated in Fig. 9. The distribution of SHG
total power P,,, as the polarization angle a and tile angle
@ is similar with the distribution pattern of SHG electric
field Ep.
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Figure 6. Effects of tilt angle ® and polarization angle a on SHG
total power (Pyq).

Discussion

In this paper, microscopic SHG emission from tilt-placed
collagen fibrils, e.i. the collagen fibrils being not in the same
plane as the linear polarization direction of the focused exci-
tation light, has been investigated. Based on this new model,
the effects of the tilt angle @ as well as the polarization angle
a on total strength of electrical field and power (Fig. 2 and
Fig. 6), the distribution of the total strength of electrical field
Ey (Fig. 5) as well as its parallel (Ey, ) (Fig. 3) and perpen-
dicular components (E, ) (Fig. 4) along x, y, z have been
revealed. Also, the distribution of total power P,, (Fig. 9) and
its parallel (P, p) (Fig. 7) and perpendicular components
(P2y,s) (Fig. 8) along x, y, z have been investigated. We find
that the tilt angle ® does play an important role on SHG.
The most apparent phenomenon is that the total strength
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Figure 7. Effects of tilt angle ® and polarization angle a on distribution of parallel component of SHG power (P, ) along x-y-z axes.



SHG from tilt collagen 183
sz's a=0 ¢=0 sz, < a=n/4 $=0 sz, < a=n/2 $=0
0.2+ 0.2+ 0.2+
N O N O N O
0.od M e . 29 0.08 ~ \/ | y 0.8 L . o
o~ — ' o~ —% 0 g
3 005 01 + 3 005 01 + 3 005 01 +
PZm.S a=0 ¢=n/12 sz‘s a=n/4 $=n/12 sz‘s a=n/2 $=n/12
0.4- 0.4- 0.4-
n 0.2 n 02 n 02
P 0.2 — 0.2 — 0.2
0 0 0 s 0 ~___—0
» 01 -0.2 + b + J <01 -02 +
PZm. ¢ @=0 ¢=n/6 sz‘s a=n/4 $=n/6 sz‘s a=n/2 $=n/6
0.6+ 0.6+ 0.6,
0.4 0.4
N N
0.2 0.2
0.08 = 0.08
e 01 s 0.1 ~— 01
0 ™~ 0 ™~ 0 ™~
s -0.05 -0.1 + N -0.05 -0.1 + N -0.05 -0.1 +
PZM.S a=0 ¢=n/4 sz‘s a=n/4 $=n/4 sz‘s a=n/2 p=n/4
x10 x10 x10
3 3 3~
2 2 24
N N N
1 1 : 11
?“‘“--\._“___ —, ?“‘“--\__“___ ‘“‘-—-“...P"' ) ?“*--..._“___.._. )
& 0 0 r & 0 8 “ 0 o r
x10 B T2 ° x10 X110 B p x10 X110 B T2 : x 10

Figure 8. Effects of tilt angle ® and polarization angle a on distribution of perpendicular component of SHG power (P, ) along x-y-z

axes.

of SHG electric field and power increase as the increase of
tilt angle @, and reach a maximum value when the fibril
locates at a certain angel from the incident beam polarized
plane, here it is @ = 27°. The continuous increase of fiber
tilt angle @ results in an abruptly decrease of the strength
of SHG electric field and power. When tilt angle ® exceeds
around 45°, SHG signals become hardly detected. Also, the
tilt angle @ influences the distribution of the total strength of
SHG electrical field and power along x, y and z axes as well
as their parallel and perpendicular components, such as the
shape and the number of emission lobes. The polarization

angle o has unevenly impact on the size of total strength of
electrical field E,,, and the power P,,, the far deviation of
polarization angle from x axis, the more evenly decrease of
the total strength of electrical field E,, and the power P,
The polarization angle a = 45° has special influence on the
distribution pattern of Ey, s, Ep» P2e s and Py, compared
to those of a = 0° and 90°.
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