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S h o r t  C o m m u n i c at i o n

Scaling law: A global topological property of genetic sequences 
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Abstract. Here, we study the topological properties of genetic sequence by viewing the entire se-
quence as a whole. First, a systematic way of coding the gene-combinations in a genetic sequence 
is developed. Next, we apply the coding method to real genetic sequences, and find a scale-free
power-law distribution for some particular kinds of gene-combinations. Furthermore, we also present 
a model to reproduce the observed scale-free feature, which is based on three generic mechanisms: 
1) Growth mechanism – genetic sequences expands continuously by the addition of new codon; 2) 
Preferential replication mechanism – the newly added codon at every time step is a replication of 
one of existed condons, and the probability that a codon is replicated is proportional to its emerging 
times in existed sequence; and 3) Mutation mechanism – following (2) the newly added codon has 
a small probability to mutate. To our knowledge, no report has been published to study the genetic 
sequences in such way. 
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As is well-known, genes correspond to units of inheritance, 
and a gene is considered as a segment of nucleic acid which 
contains the information necessary to produce a protein 
(Pearson 2006). Further, a genetic sequence is a succession 
of four possible letters, i.e., A, C, G, and T, which represent 
the four nucleotide subunits of a DNA strand (RNA in some 
viruses). 

Up to now, there have been many studies concerning local 
properties of a genetic sequence (Watson et al. 2004). Here, 
we focus on the global properties of a genetic sequence as 
a whole. First, a systematic coding method is developed here 
and applied to research various kinds of possible gene-com-
binations in genetic sequence. Then, we find that many real
genetic sequences have a scale-free power-law distribution 
for some particular kinds of gene-combinations. Further-
more, to penetrate and reproduce the observed scale-free 
feature, we also present an evolution model of genetic se-
quences, which is based on three generic mechanisms. We 
believe that studies on integral properties must be able to help 
us to discover more secrets hidden in genetic sequences. 

In order to explore the topological properties of genetic 
sequences, our first step is to code it in a systematic way.
This means that we take every q-sequential letters start-
ing from the first letter of a genetic sequence as one unit,

which is called a ‘vertex’ in the following, and label it with 
a specified nonnegative integer number ranging from 0
to 4q – 1, i.e., a quaternary number consisting of q-bits. 
For example, if one takes q = 6, then every 6-sequential 
letters is labeled by an integer number ranging from 0 to 
46 – 1 = 4095, as shown in Fig. 1. It should be noted that 
we omit to distinguish between coding and non-coding 
genes within the same sequence for temporal work, and 
leave it to further studies. 

After coding a genetic sequence, we secondly study the
frequency of each vertex (q-sequential letters) emerging in 
the underlying genetic sequence. We do not consider the 
correlations between neighboring vertices in the present 
work and define simply the degree k of a vertex, e.g., i, as the 
sum of times that this vertex emerges in the sequence. For 
example, if the 10th vertex, AAAAGG, emerges twenty-four 
times in the underlying sequence, then its degree equals 24, 
denoted by k10 = 24. 

Assuming that there are n(k) vertices which all have degree 
k in a genetic sequence, then one gets ∑kn(k) = ∑iki. Defining
the degree distribution P(k) as the probability that an arbitrar-
ily specified vertex has degree k, one has P(k) = n(k)/∑kn(k). 
We now study the degree distribution P(k) of real genetic 
sequences. In the following, we always take q = 6*, and this 

* In practice, other values of q could also be chosen according to 
the length of the underlying genetic sequences, e.g., q = 5 has been 
taken to code the sequences considered here and find that there is
no clear laws in this case.

http://en.wikipedia.org/wiki/Nucleic_acid
http://en.wikipedia.org/wiki/Protein
http://en.wikipedia.org/wiki/RNA
http://en.wikipedia.org/wiki/Virus
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implies that two genes correspond to a vertex. The log-log
plots of the degree distributions corresponding to chloro-
plast genetic sequences of Solanum lycopersicum, Chloroky-
bus atmophyticu, Ranunculus macranthus, and Arabidopsis 

thaliana are presented in Fig. 2. It is found that they all 
obey a power-law, i.e., P(k) ~ k−γ. The dashed lines have
slopes γSolanum = 3.2 (A), γChlorokybus = 3.0 (B), γRanunculus 
= 3.0 (C), and γArabidopsis = 2.8 (D), respectively. It should 
be emphasized that similar property has been found in 
the Internet, World Wide Web, and social networks, etc. 
(Barabási and Albert 1999; Wellman 2001; Albert and 
Barabási 2002). 

In order to understand and reproduce the observed 
scale-free feature of genetic sequence, we now present 
a model which is based on three generic mechanisms: 
1) Growth mechanism – genetic sequences expand con-
tinuously by the addition of new codons; 2) Preferential 
replication mechanism – the newly added codon is pref-
erentially a replication of one existed gene, and a gene 
emerging more times in existed sequence is replicated 
more frequently; and 3) Mutation mechanism – follow-
ing (2) the newly added codon has a small probability 
to mutate. 

To incorporate the evolution processes of genetic se-
quences, starting with a small number (n0) of codons, at 

Figure 1. Schematic illustrations of our coding method. A. Setting 
the four letters A, C, G, and T to denote the quaternary number 
0, 1, 2, and 3, respectively. B. Every q-sequential letters is taken 
as one ‘vertex’, three vertices and their labels specified to them
corresponding to a portion of the chloroplast genetic sequence of 
Solanum lycopersicum, here q = 6 is taken.
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Figure 2. The log-log plots of the degree distributions P(k) corresponding to chloroplast genetic sequences of Solanum lycopersicum (A), 
Chlorokybus atmophyticu (B), Ranunculus macranthus (C), and Arabidopsis thaliana (D). It is found that they all obey a power-law, i.e., 
P(k) ~ k−γ. The dashed lines have slopes γSolanum = 3.2, γChlorokybus = 3.0, γ Ranunculus = 3.0, and γArabidopsis = 2.8. 
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every time step we add a codon to already existed sequence. 
Next, to incorporate the preferential replication mechanism, 
we assume that the probability Γi that the newly added codon 
replicates the ith codon is proportional to the emerging times 
fi of that codon, so that Γi = fi/∑jfj. Finally, to incorporate the 
mutation mechanism, at every time step, we let each letter 
of the newly added codon mutate with probability Λ. After
t time steps, the model leads to a complex genetic sequence 
with t + n0 genes. The scale-free feature emerges for n0 << 
t and Λ << 1. In Fig. 3, we show the degree distributions of 
genetic sequences generated from the model with n0 = 1, 
Λ = 0.1 (A), n0 = 10, Λ = 0.1 (B), n0 = 20, Λ = 0.1 (C), n0 = 1, 
Λ = 0.15 (D), n0 = 10, Λ = 0.15 (E), and n0 = 20, Λ = 0.15 
(F), respectively. In addition, the generated sequences con-
tain t + n0 = 6 × 104 codons for all the cases. The insets in
Fig. 3A–D are the log-log plots of the corresponding degree 
distributions. Here, all computations are carried out over 
100 independent starting configurations. In addition, if
n0 is not far less than t or one slowly increases the muta-
tion probability Λ, the scaling law gradually disappears. In 
practice, by comparing results from real sequences and the 
model, possible topological feature could reflect and provide
us useful information concerning the evolutionary history 
of various genetic sequences. 

B

In summary, a systematic way of coding the gene-com-
binations in a genetic sequence is developed and applied 
to several real sequences here. It is found that scale-free 
power-law distributions for some particular gene-combina-
tions emerge in many real genetic sequences. We also pro-
pose a model to reproduce the observed power-law feature. 
Our aim, on the other hand, is to attract jade by throwing 
a brick. We believe that any correct theory which is devoted 
to the origin and evolutionary history of genetic sequences 
should reasonably expound and reproduce the observed 
global topological properties for the studied sequence.
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